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Abstract 

We classify, in a group theoretical manner, the BPS configurations in the multiple M2-hrane theory 
recently proposed by Bagger and Lambert. We present three types of BPS equations preserving various 
fractions of supersymme tries: in the first type we have constant fields and the interactions are purely 
algebraic in nature; in the second type the equations are invariant under spatial rotation SO(2), and 
the fields can be time-dependent; in the third class the equations are invariant under boost SO(l, 1) 
and provide the eleven-dimensional generalizations of the Nahm equations. The BPS equations for 
different number of supersymmetries exhibit the division algebra structures: octonion, quartemion or 
complex. 
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1 Introduction 



In a series of recent papers [1], Bagger and Lambert (BL) have constructed a three-dimensional, interact- 
ing superconformal gauge theory of multiple M2-branes. The action is maximally supersymmetric with 
16 ordinary supersymmetries, and it has been verified that the theory is indeed superconformal with 16 
conformal supercharges in [2]. In the quest for the final form of the theory, as usual, it was supersymmetry 
that provided crucial guiding fights. The work was initiated as an attempt to incorporate Basu and Harvey's 
generafized Nahm equation -which was a proposal to describe M2-branes ending on an M5-brane [3]- in 
the full supersymmetric M2-brane action. Their analysis revealed a novel algebraic structure, namely the 
3-algebra, which is also investigated independently by Gustavsson [4]. Since the discovery, the multiple 
M2-brane theory of Bagger and Lambert has attracted an enormous degree of attention [5-35]. One might 
expect that, given this genuine superconformal field theory, -theory is now about to unveil its mysterious 
and fundamental features. 

In the present paper, we set out to classify the BPS states, or the BPS equations of the BL theory using 
a group theoretical consideration. Apparently the theory of our interest has the Lorentz group S0(1, 2) and 
the R-symmetry group S0(8). Instead of providing the full and thorough survey of possible BPS equations, 
we focus mainly on two different types of BPS equations with different number of supersymmetries, and 
classify them completely. The first class is completely Lorentz invariant, and the other is invariant under 
the spatial rotation. 

In the first type, the BPS equations are given purely in terms of the three-algebra commutators and 
independent of the three-dimensional worldvolume coordinates. Thus the corresponding nontrivial config- 
urations possess infinite energy, typically corresponding to BPS objects of infinite size. Previously known 
analogous algebraic soultions include the longitudinal M5-brane in A^-theory matrix model which is real- 
ized in terms of Heisenberg algebra or large N matrices [36]. 

In the other type the equations are SO (2) rotation invariant, and the fields can be time-dependent. A 
technical reason why we focus on the two classes is that in these cases, fully utihzing the SO(8) triality we 
are able to classify the BPS equations completely. 

In addition to the two classes, there is another possibility to obtain third type of BPS equations via 
simple tensor product. Namely one can obtain various generahzations of the Nahm equations which are 
invariant under the boost SO(l, 1) C SO(l, 2). Our BPS equations manifest the division algebra structures: 
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octonion, quartemion or complex. In the paper we will mainly focus on the BPS equations themselves. 
Our results hold for both the finite and infinite dimensional three-algebras. Note however that the Lorentz 
invariant BPS equations can have nontrivial solutions only for infinite dimensional three-algebras. The 
specific solutions and the physical interpretation will be presented in a separate publication [37]. 

The organization of the present paper is as follows. Sec|2] is for preliminaries. We first discuss the 
general features of the 'supersymmetric projection matrices' and review how to derive the corresponding 
BPS equations for a given projection matrix. We also explain the relevant symmetries. Then we classify 
the projection matrices for the S0(1, 2), S0(2) and S0(1, 1) invariant equations. Secl3] contains our main 
results of the BPS equations. Sec J3.1l classifies the S0(1, 2) invariant BPS equations preserving two, four, 
six, eight, ten and twelve supersymmetriesQ Sec l3.2l classifies the S0(2) invariant BPS equations preserv- 
ing two, four, six and eight supersymmetries. In Sec l3.3l we discuss the S0(1, 1) invariant BPS equations 
which generalize the Nahm equations. The final section, Sec|4] contains our results and discussions. In 
Appendix we review the S0(8) triality and its relation to octonions. 

Note added: While this paper is being finished, Ref. [38] appears in ArXiv which partially overlaps 
with our work, as it discusses the BPS equations of the form: DyXj = ^Cjjkl[X'^,X^,X^]. In the 
present paper, we exphcitly spell the coefficients Cjjkl and classify various BPS equations. 



2 Preliminaries 

The multiple M2-brane theory has 8 real scalar fields ,1 = 1, 2, • • • , 8 and a 16 component Majorana 
spinor ^. The supersymmetry transformation of the fermions in the Bagger-Lambert theory assumes the 
form: 

6^ = {F^iT^' - IFukT'-J^) e, (2. 1) 

where all the variables are three-algebra valued and we set 

F^i = D^Xi , FijK = [Xi,Xj, Xk] . (2.2) 

'Note that in the present paper we focus on the sixteen ordinary supersymmetries and not the sixteen conformal supersymme- 
tries. For the BPS equations preserving conformal supersymmetries in super Yang-Mills we refer the readers to Ref. [39]. 
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The bracket [Xi,Xj,Xk] denotes the three-algebra product which is trihnear and totally antisymmetric. 
Note also that in contrast to the original convention [1] we let / = 1, 2, • • • , 8 and take ^ = 0, 9, 10 
directions as for the M2-brane worldvolume for convenience to present the BPS equations later, 

x^=t, x^=x, j;l°=y. (2.3) 

The supersymmetry parameter is real and subject to the S0(1, 2) projection condition: 

r*^2^e = e , (2.4) 

which is consistent with the opposite projection property, r*^^^' = — ^. Since the product of all the 
eleven-dimensional gamma matrices leads to the 32 x 32 identity matrix r*^2/i23- -8 _ -^^ above S0(1, 2) 
projection condition coincides with the chirality condition of S0(8), 

T^^^-^e = e. (2.5) 
2.1 Supersymmetry projection matrix - general 

In general for supersymmetric theories, the supersymmetry projection matrix Q can be defined in terms of 
the commuting, real, orthonormal supersymmetry parameters ei, £2, • • • , eat, 

N 

Q:=^ eie\ , e\ej = 6ij , (2.6) 

i=l 

satisfying = Vl^ = Vl. Here N denotes the number of the preserved supersymmetries, 

iV = TrO . (2.7) 
Naturally the eigenvalues of the projection matrices are either zero or one. 

When the supersymmetry transformation of fermions takes the form 5'^ = Te where T denotes 
a bosonic quantity contracted with gamma matrices as in ( 12.11 ). the general strategy to obtain the BPS 
equations is as follows [40] : 

1. Expand the projection matrix in terms of the gamma matrix product basis. 

2. Perform the matrix product TO. and reexpress it in terms of the gamma matrix product basis. 
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3. Read off the BPS equations from the coefficients of the linearly independent terms. 

For example in the Euclidean four-dimensional minimal super Yang-Mills theory, we have two choices for 
the projection matrix Vl = ^(1 ± 7^^^^), while T = Fij^-' ■ Consequently, noting 7^^^ = =F7^^r2 etc., we 
get Fij^^^Q = 2{F =F -k F)j47*^il such that the corresponding BPS equations are the well-known self-dual 
or anti-self-dual equations F = ±* F. In this way, the complete classifications of the BPS equations in 
six and eight-dimensional super Yang-Mills as well as the pp-wave M-theory matrix model [41] have been 
carried out [40,42,43]. 

The present paper concerns the BPS equations of the Bagger-Lambert theory. Since the eleven- 
dimensional spacetime admits Majorana spinors we can set all the gamma matrices and the spinors to 
be real. In particular, the spatial gamma matrices are symmetric while the temporal gamma matrix is 
anti-symmetric. Consequently, also from (12. 5I ). the projection matrices of the Bagger-Lambert theory must 
satisfy 

17 = f]^ = , = Jl^ 9. = VVL = 9.V , (2.8) 

where V is the S0(8) chiral projection matrix, 

V ■.= \{l + T^^^'"^). (2.9) 

The most general form of such projection matrices reads 

j7 = [c + T4 + r^'(c + T4) + r^(c" + T'i) + r^'J'Ts] v , (2.10) 

where c, c', c" are constants, T4, T4, T4 are foursome productions of the S0(8) gamma matrices Y^^^^ 
contracted with self-dual four-forms, and T2 is a twosome production of the S0(8) gamma matrices T^'^ 
contracted with a two-form. All together, a priori, there are3 + 3xi^^^ + ^2) = 136 real param- 
eters which must be determined by requiring the remaining condition = Q.. The symmetry group 
S0(1, 2) X S0(8) in the Bagger-Lambert theory may reduce the number of the free parameters, but is not 
big enough to transform all the free parameters, the two-form and the four-forms, into 'canonical' forms. 
Note that the S0(8) rotation may take only one of {T4, T4, T4, T2} into a canonical form. In our choice, 
the canonical form of a two-form reads 

T2 = airi2 + a2r34 + aar^e + a^V'^^ , (2.1 1) 
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while the canonical form of a self-dual four-form reads 



T4 = bi£i + 621*^2 + &3^3 + &4^4 + &5^5 + ^6^6 + bjSj , (2.12) 

where we set 

£1 = r8127'P 1 £2 = TsieS^ 1 £3 = r82467' , £4, = ^8347^^ 1 

(2.13) 

£5 = Tsser'^ , £& = ^5253^^ , £7 = ^si^aV ■ 
The former is well known, while the latter is less familiar and we review it in Appendix |Al In (12.131 ) the 
subscript spatial indices of the gamma matrices are organized such that the three indices after the common 
8 are identical to those of the totally anti-symmetric octonionic structure constants [40,44]: 

(2.14) 

1 = C127 = ci63 = C246 = C347 = C567 = C253 = C154 , Others zcro . 



We say Q, is invariant under S0(2) rotation invariant on xy-plane if [Txy , 0] = 0. When this holds, 
for a finite angle (p and rotation G = e'^^'^y , from the equivalence 

m = {) ^ GmG~^ = GTG-^n = o , (2.15) 

we note that the corresponding BPS equations are, as a set, invariant under the rotation. Naturally this 
generalizes to an arbitrary subgroup ofSO(l,2)xSO(8). 

In the present paper instead of attempting to solve for the most general projection matrices, we restrict 
to the cases where U assumes the canonical form. Namely we focus on two types of the BPS equations 
and classify the corresponding BPS equations completely: one is the S0(1, 2) invariant cases i.e. 

n = (c + T4)V, (2.16) 

and the other is the S0(2)^ = S0(2) xS0(2) xS0(2) xS0(2) xS0(2) invariant cases i.e. 

n = (constant + twosome products of {F^f , T^^,T^^, r^*^}) V . (2.17) 

Here S0(1, 2) and S0(2) correspond to the M2 world volume Lorenz symmetry and the Cartan subgroup 
of the symmetry group S0(1, 2) x S0(8) respectively. In addition, the former will easily generate various 



6 



M-theoretic generalizations of the Nahm equations which are invariant under S0(1, 1) C S0(1, 2), as the 
corresponding projection matrices are of the form: 

fi = (l±r*^)(c + T4)P. (2.18) 



2.2 SO ( 1 , 2 ) invariant projection matrices 

The basic building blocks of all the possible S0(1, 2) invariant projection matrices are the following N = 2 
projection matrices [40]: 

^ = \{V + aia2£i + aiaz£2 + a^Sz + a2£i + aiS^ + aia2a3£e + 0203^7) , (2.19) 

where ai, 02, as are three independent signs, 

al = al = al = l. (2.20) 

Three independent sign choices lead to eight possible combinations, hence eight N = 2 projection matri- 
ces. They are orthogonal to each other and complete, as summing all of them gives an identity. Namely 
they form an orthogonal basis for the S0(1, 2) invariant projection matrices. General N = 2k projection 
matrices can be straightforwardly obtained as a A; sum of the above eight N = 2 projection matrices. Fur- 
thermore, from the S0(8) triality, the 8!/ [A;! (8— A;)!] possibilities for the k sum are all equivalent to each 
other. The corresponding N= 2k BPS equations are S0(1, 2) xS0(8— A;) xSO(A;) invariant. 

2.3 SO(2) invariant projection matrices 

The basic building blocks of all the possible S0(2) invariant projection matrices are the following N = 2 
projection matrices (see Appendix |B] for derivation): 

n = i [1 + r^3^ (/3iri2 + p^r^^ + /jgr^e + (3^(32^3^^^) - PiP2T^^^^ - PsPiT^^^^ - P2(33r^^^^] v 

(2.21) 

where Pi, 132, A denote three independent signs, 

/3? = Pi = /?! = 1 • (2-22) 
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Eight possible N = 2 projection matrices form an orthogonal basis for the SO(2) invariant projection ma- 
trices. General N = 2k projection matrices can be straightforwardly obtained as a A; sum of the above eight 
N = 2 projection matrices. However, if the sum contains a pair of two opposite overall sign factors e.g. 

(+++) and ( ), the corresponding BPS configurations become SO(l, 2) invariant as F^i = and the 

BPS equations reduce to those of SO(l, 2) invariant BPS equations. Excluding these cases, up to SO(8) 
rotations, there are five inequivalent S0(2) invariant projection matrices as follows. 

• N = 2 S0(2) xSU(4) invariant projection matrix, with the choice of (^Si.ft.ft) = (+++), 

n = 1 [1 + r^2/ (ri2 + + r^^ + r^^) _ ri234 _ ^1256 _ ^1278] ^ (2.23) 

• AT = 4 SO(2)xSU(2)xSO(4) invariant projection matrix, with (+++),(++-), 

^ = \[i + T''y (ri2 + r34) _ t^^^^] v . (2.24) 

• N = 6 SO(2)xSO(2)xSU(3) invariant projection matrix, with (+++),{++-),(+-+), 

o = 1 [3 + r^s/ (3ri2 + + r^^ - r^s) - r^^^^ - r^^se + r^^^s] -p . (2.25) 

• N = 8 SO(2)xSO(2)xSO(6) invariant projection matrix, with (+++),(++-),(+-+),(+ — ), 

n = ^{i + T''y^^)v. (2.26) 

• N = 8 SO(2)xSU(4) invariant projection matrix, with (+++),(++-),(+-+),(-++), 

^^ = i [2 + r^2/ (r^^ + ^34 _^ ^56 _ ^78^ j -p ^ ^^2.21) 

2.4 so (1,1) invariant proj ecdon matrices 

For 80(1, 1) invariant projection matrices, we have the following = 1 projection matrices: 

fl = + aoF*^) {V + aia2£i + OL\aj,S2 + 0:3^3 + "2^4 + ol\E^ + a\a2aj,SQ + a2a'iS'{) , 

(2.28) 

where "ij ct2, "a are four independent signs, 

a^ = al = al = al = l. (2.29) 
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Sixteen possible = 1 projection matrices form an orthogonal basis for the S0(1, 1) invariant projection 
matrices. Generic N = k S0(1, 1) invariant projection matrices may be obtained straightforwardly as a 
sum of the above sixteen = 1 projection matrices. For each sum, we may decompose 

N = N+ + N_ , N+ = n+ + n, = + n , (2.30) 

such that N± denotes the number of = 1 projection matrices in the sum whose oq values are ±1, and n 
counts the number of = 1 projection matrix pairs which have the same ai, 02, 03 values and opposite 
ao signs. There are 8!/[n_|_!n_!n!(8— n+— n„— n)!] possibilities for the sum which are all equivalent to 
another, thanks to the SO (8) triality. Furthermore, if n is nontrivial n 7^ 0, then the BPS configurations 
become S0(1, 2) invariant as F^j = and the number of the preserved supersymmetries is automatically 
increased from n+ + n_ + 2n to 2(n+ + n_ + n). In this case the BPS equations reduce to those of 
S0(1, 2) invariant BPS equations. Genuinely S0(1, 1) invariant BPS equations appear only when n = 0. 
The corresponding {N+,N_) BPS equations are then S0(1, 1) xSO(A^+) xSO(A^_) xS0(8-A^+-Af_) 
invariant with the natural restriction A^++A^_ < 8. 

3 Classification of the BPS equations 

3.1 SO(l, 2) invariant BPS equations 

The generic A^ = 2 S0(1, 2) invariant projection matrix ( 12.191 ) leads to the following N= 2 S0(1, 2) xS0(7) 
invariant BPS equations which involve three free sign factors af = = = 1: 

F^/ = 0, ^^ = t,x,y, I=l,2,---,8, (3.1) 



9 



and 
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= 



In particular, the S0(1, 2) invariance, the M2-brane worldvolume Lorentz symmetry, removes any world- 
volume dependence, D^Xi = for aU ji and /. 

The above set of BPS equations can be regarded as the master equations since any N= 2k BPS equa- 
tions can be obtained by imposing k copies of distinct (oi, 02,03) choices. The corresponding N= 2k 
BPS equations are then S0(1, 2) xS0(8-A:) xSO(/c) invariant. We find for N= 14 and N= 16 the corre- 
sponding BPS equations are trivial, F^/ = Fjjk = 0. Other nontrivial cases are as follows. 

3.1.1 N = 2 SO(l, 2) xSO(7) invariant BPS equations - octonion 

With the choice of (01,02, 03) = (+ + +), the N= 2 S0(1, 2) xS0(7) invariant BPS equations dXTT ). 
( 13.21) assume a compact form: 

F^,i = 0, CijklF^^^ = , (3.3) 

where Cjjkl is a SO (7) invariant four-form in eight dimensions, defined in terms of the octonionic struc- 
ture constant (12.141 ). 

C-ijkS = (^ijk ) Cijki = ^(-pqrijklCpqr whcrC 1 < J, A;, / < 7 . (3.4) 
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BPS states preserving N= 2k supersymmetries then satisfy k copies of the A^= 2 BPS equations of 
different a choices. The corresponding N= 2k BPS equations are S0(1, 2) xSO(/c) xS0(8— /c) invariant, 
and involve k different octonionic structures. 

3.1.2 N = 4 SO(l, 2) xSO(6) xSO(2) invariant BPS equations - complex 

The N= 4 S0(1, 2)xSO(6)xSO(2) invariant BPS equations are, with F^/= 0, 

FijkJ^^ = , FijK = {I® J® J + J®l®J + J®J®1)ijk^^^Flmn , (3.5) 
where ^7 is a complex structure = —1, = — J and hence SU(4) xS0(2) invariant. 

With the specific choice of a's as (+++),{++-), one gets 

\jijV^^ = + + r^'' + r^^ . (3.6) 



In terms of the corresponding holomorphic, anti-holomorphic coordinates a, a = 1,2,3,4 and the 
metric 6"-^, the above N= 4 S0(1, 2) xS0(6) xS0(2) BPS equations ( |33] | can be rewritten as 

Fab^ = Fah = , Fahc = -^afog = ^ ■ (3-7) 

Namely -^(1,2) » ^(2,1) primitive and -F(3^o)= -^{0,3)= 0- 

We note that summing two A^= 2 projection matrices generates one complex structure. Hence in gen- 
eral, summing > 2 of N= 2 projection matrices will present ^ 2 ) ^lumber of complex structures to the 
corresponding SO(l,2)xSO(8— A;)xSO(fc) invariant BPS equations. The ifc(A; — 1) complex structures 
form singlets under S0(8— fc) and are in the adjoint representation or A;-dimensional two-form represen- 
tation of SO(A;). In fact, they correspond to the generators of SO(A;). Nevertheless, the corresponding 
— 1) number of complex structures are degenerate in the sense that distinct [^y^] of them are suffi- 
cient to lead to the full A'^= 2k BPS equations. 
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3.1.3 = 6 SO(l, 2) xSO(5) xSO(3) invariant BPS equations - quarternion 

The N= 6 S0(1, 2) xS0(5) xS0(3) invariant BPS equations are, with F^i= 0, 

FijkJ^'' = ^, P = 1,2,2,, (3.8) 
where J\,J2-, Jz are three distinct complex structures satisfying the quaternion relations: 

Jl = Ji = Ji = JiJ2Jz = -1 . (3.9) 



It is worth to note that the remaining relation of (13.51 ) i.e. -F(3,o)= is fulfilled automatically for each 
complex structure. 

With the specific choice of a's as (+++), (+h — ),(h — h), one gets 

Ij2"r,j = ri4 + r23 + r58 + r67, (3.10) 



Summing three N= 2 projection matrices generates one quarternion structure. Hence in general, sum- 
ming > 3 of N= 2 projection matrices will present 3 ^ number of quarternion structures to the cor- 
responding S0(1, 2) xS0(8— A;) xSO(A;) invariant BPS equations. The 3 ^ quarternion structures are 
singlets under S0(8— A;) and form a /c-dimensional three-form representation of SO{k). Nevertheless, the 
corresponding \k{k — l){k — 2) number of quarternion structures are degenerate in the sense that distinct 
[^j^] of them are sufficient to give the full A'^= 2k BPS equations. 

3.1.4 = 8 SO(l, 2) xSO(4) xSO(4) invariant BPS equations 

The N= 8 S0(1, 2) xS0(4) xS0(4) invariant BPS equations are, with F^i= 0, 

FijK + \Fi^^^Tjklm + \Fj^^^Tkilm + ^Fk^'^^Tulm = , (3.11) 
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where Tjjkl is a S0(4) x S0(4) invariant self-dual four-form. With the specific choice of a's as 

(+++),(++-),(+-+),(+ — ), one gets 

iTuKLT'-''''^ = rl234 + r5678 . (3.12) 



Summing four N= 2 projection matrices generates one self-dual four-form structure. Hence in general, 
summing A; > 4 of N= 2 projection matrices will present 4 ^ number of self-dual four-form structures 

to the corresponding S0(1, 2) xS0(8— fc) xSO(A;) invariant BPS equations. The ^ ^ ^ self-dual four-form 
structures are singlets under S0(8— A;) and form a /c-dimensional four-form representation of SO{k). Nev- 
ertheless, the corresponding ^,^^^_|_^^| number of self-dual four-forms are degenerate in the sense that distinct 

±c 
4 



rM^i of them are sufficient to give the full A^= 2k BPS equations. 



3.1.5 N = 10 SO(l, 2) xSO(3) xSO(5) invariant BPS equations 

For N= 10 S0(1, 2) xS0(3) xS0(5) case there seems no novel structure to appear. One economic fashion 
to write the N = W S0(1, 2) xS0(3) xS0(5) invariant BPS equations is to employ a S0(4) x S0(4) 
invariant self-dual four-form and a complex structure: with F^j= ol^ 

FijK + ii^[/^*'T,^]LA/ = , FukJ-^"" = . (3.13) 

The specific choice of a's as (+++), (+h — ),(h — h),{H ),( — h+) gives 

ir T/ jklF^-^^^ = rl234 + r5678 , ^JuT'^ = T^^ - T^' + - . (3. 14) 

3.1.6 = 12 SO(l, 2) xSO(2) xSO(6) invariant BPS equations 

The N= 12 S0(1, 2) xS0(2) xS0(6) invariant BPS equations are, with F^7= 0§ 

FijkTJ^ = 0, p= 1,2,3,4,5,6, (3.15) 



^ Alternatively we can express them in terms of two sets of either SO(4) x SO(4) invariant self-dual four-forms one given by 
J3.12b the other by |(ri234+r5678+ri256+r347s+ri357+r2468+ri467+r2358) Or quartemionic complex structures one by 
i |3lOl > and the other by ri4+r85+r76+r23, Tig+r 48+r73+r62, ri8+r54+r72+r3(j. 

''of course, the above A'^ = 12 BPS equations can be obtained by imposing a pair of two distinct quartemionic BPS equa- 
tions ( 13. 8b . There are ^ ( o ) =10 such pairs and any of them leads to the same A'^ = 12 BPS equations. For example we may 



2 13 

choose one quartemion structure from dTTOl l and the other by ri2^_p87_^p56^p43^ pi7^p28_^p53_^p64^ pi8^p72^p54^p36 
corresponding to the a choices (+++),(++-), (H — h) and (h ),( — h+),( — h-)- 
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where Tp '^'s are S0(2) x S0(6) covariant two-forms: fundamental under S0(6) and singlet under S0(2). 
With the specific choice of a's as (+++),(++-),(+ — h),(H ),( — h+),( — h- ), one gets 



3.2 SO(2) invariant BPS equations 

The generic N = 2 projection matrix (12.211 ) leads to the following N= 2 SO(2)xSU(4) invariant BPS 
equations which involve three free sign factors = /3| = /?| = 1: 

Fxl + PlFy2 = , Fx3 + P2FyA = , + PsFyQ = , Fx7 + /?l/?2/33-^J/8 = , 

Fx2 — PlFyl = , Fx4: — P2Fy3 = , FxQ — PsFy^ = , F^s — /?i/?2/33-^j/7 = , 

(3.17) 

and 



Ftl + /32-?^134 + P3F156 + /3l/?2/33-^178 


= 0, 


-^135 


— P1P2F245 


— P2P3FUQ — /33/?l-p236 


= 


Ft2 + P2F234 + P3F256 + /?l/?2/33i^278 


= 0, 


-^136 


- Pil32F24e + P2f33Fu5 + /33/31-F235 


= 


Ft3 + (3iF3l2 + I33F35Q + /3l/32/33i^378 


= 0, 


-^137 


— /3l/32-^247 


- /?2/33i^238 - /?3/3li^l48 


= 


FtA + P1F412 + /33-^456 + /?l/?2/33-^478 


= 0, 


-?^138 


— /?l/32-^248 


+ /?2/33-^237 + P3PlFu7 


= 


-^45 + P1F512 + /32-^534 + /?l/?2/33-^578 


= 0, 


-^157 


— /?i/32-^168 


— P2P3F258 — /33/?l-^267 


= 


-^46 + /?l-f612 + /32-^634 + /?l/32/33-^678 


= 0, 


-^^158 


+ /?l/32-^167 


+ /32/?3-^257 — /33/?l-?^268 


= 


-^47 + /3l-?^712 + /32-^734 + /33-^756 = , 




-^357 


— /?l/32-^368 


— /32/33-R167 — /33/31-K458 


= 


-^48 + /3l-f812 + /32-^834 + /?3-^856 = , 




-^358 


+ /3l/32-^367 


— /32/?3-Rl68 + P3PiFa^7 


= 



(3.18) 

The above set of BPS equations can be regarded as the master equations since any N= 2k S0(2)^ invariant 
BPS equations corresponding to the projection matrices ( |2.23l - [2?27] ) can be obtained by imposing k copies 
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of distinct {j3i, j32, Pi,) choices. We find, among tiiem, tlie = 8 SO(2)xSU(4) invariant projection 
matrix (12.271 ) leads to the trivial BPS configuration F^/ = Fjjk = 0. Other nontrivial cases are as 
follows. 



3.2.1 N = 2 SO(2) xSU(4) invariant BPS equations 

The N = 2 SO(2)xSU(4) invariant BPS equations corresponding to the projection matrix (12.231 ) or the 
choice {f3i,P2, Ps) = (+ + +) in ( 13.171 ) and ( 13.181 ) assume a compact form, up to Hermitian conjugation: 

Fz-a = 0, Fta - iFab'' = , Fabc = , (3.19) 

provided we complexify the S0(8) coordinates by the complex structure ri2+r34+r56+r78, to introduce 
the holomorphic and anti-holomorphic variables a, a = 1, 2, 3, 4 such that the metric is 6aa and 

D. = ^ {D., -iDy), D, = (D, + iDy), 

(3.20) 

Fza = -^{D.X^a-l - iD,X2a) , F.a = ^{D.X^a-l + iD,X2-a) . 

3.2.2 = 4 SO(2) xSU(2) xSO(4) invariant BPS equations 

The iV = 4 S0(2) xSU(2) xS0(4) invariant BPS equations corresponding to the projection matrix (12.24b 
are, up to Hermitian conjugation, 

Fz-a = 0, F,p = 0, Fpab = 0, Ftl - iFja" = , Fjpq + ^EpqrsFf' = 0, 

(3.21) 

where I = 1,2, •••,8, p,q,r,s = 5,6,7,8, epqrs is a totally anti-symmetric tensor with €5673= 1 
and a,b,a = 1,2 such that the S0(4) C S0(8) coordinates are complexified by the complex structure 

ri2+r34- 

3.2.3 = 6 SO(2) xSO(2) xSU(3) invariant BPS equations 

The iV = 6 S0(2) xS0(2) xSU(3) invariant BPS equations corresponding to the projection matrix ( 12.251 ) 
are, up to Hermitian conjugation, 

F - — F — F - — Fi- — i^F — Vi 

(3.22) 

Fta iFau)Cj = , F^ni, = , -?^af)c ~ , F^gjj ^{F^^^ )^ab ~ ^ ' 

15 



where a, a = 1,2,3 such that we complexify the S0(6) C S0(8) coordinates by the complex structure 
r34+r56+r87 and also set separately for S0(2) C S0(8), 

F,u^ = j^{F,i - iF,2) , = ^(F.i + iF,2) . (3.23) 

3.2.4 = 8 SO(2) xSO(2) xSO(6) invariant BPS equations 

The = 8 S0(2) xS0(2) xS0(6) invariant BPS equations corresponding to the projection matrix (12.261) 
are, up to Hermitian conjugation, 

Fzo = ^, Fzp = 0, Fti - iFi^a, = , Fjpg = , (3.24) 

where / = 1, 2, • • • , 8, p = 3, 4, 5, 6, 7, 8 and we complexify the S0(2) C S0(8) coordinates by the 
complex structure to employ (13.231 ). 

3.3 SO(l, 1) invariant BPS equations 

The generic = 1 projection matrix (12.281 ) leads to the following N= 1 S0(1, 1) xS0(7) invariant BPS 
equations which involve four free signs Oq = of = 02 = = 1- 

Fti-aoF^j = 0, 7=1,2, •••,8, 



aoFyi 


- aia2F278 


- a2a3F548 


- a^aiFess 


— ai-p234 


- 02-^256 


- OisFs^Y 


- Qia2a3-^476 


= 0, 


aoFy2 


- 0102^718 


- a2a3F3jQ 


- 0301^475 


- aiFi43 


- 027^165 


- asF^Qs 


- 010203^538 


= 0, 


aoFys 


- aia2-F456 


— a2«3-^267 


- asaiFiQs 


— aiFi24 


— 02-^478 


— "3-^517 


- 010203-^258 


= 0, 




- aia2-F536 


- 0203^158 


- a3aiF257 


— aiFi32 


— 02-^738 


— a3i*628 


- O1O2O3F167 


= 0, 


Ol0Fy5 


- 0102^346 


- a2a3-p4i8 


- 0301^427 


— 01^678 


— a2-Fl26 


— 03^137 


- O1O2O3F328 


= 0, 


aoFyQ 


- aia2-F354 


— a2«3-^273 


- asaiF^is 


— 01^758 


— a2-Fl52 


— 03^248 


— O1O2O3F174 


= 0, 


aoFy7 


- 0102^128 


— a2«3-^236 


- 0301^245 


— OiiF^Qs 


— 02-^348 


— 03-^153 


- O1O2O3F146 


= 0, 


aoFys 


+ aia2-Fi27 


+ a2a3Fi54 + a3aiFi63 + 01^567 


+ 02-^347 + "3-^^246 + aia2a3-^253 


= 0. 
(3.25) 
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The above set of BPS equations can be regarded as the master equations for generic S0(1, 1) invariant BPS 
equations. One can classify the BPS equations according to the decomposition of the number of preserved 
supersymmetries as {N^,N^) ( I2.30I ). Among others, below we spell explicitly (A^+, ) as well as (A^, A^) 
BPS equations with iV+ = 1, 2, • • • , 7, iV = 1, 2, 3, 4. 

3.3.1 (iV+, iV_) = (1, 0) SO(l, 1) xSO(7) invariant BPS equations - octonion 

With the choice of (ao, 01,02,03) = (+ + ++), the (Af+, Af_)= (1,0) S0(1, 1) xS0(7) invariant BPS 
equations ( I3.25I ) assume a compact form: 

Fti -F,i = 0, Fyi - ICijklF^^^ = , (3.26) 

which generahzes the TV = 2 S0(1, 2) xS0(7) invariant BPS equations (1331 ). 

3.3.2 (iV+, iV_) = (2, 0) SO(l, 1) xSO(2) xSO(6) invariant BPS equations - complex 

The(Af+,iV_) = (2,0) S0(1, 1) xS0(2) xS0(6) invariant BPS equations are, with Fi/-F^./= 0, 

J^^Fyj + \F^jkJ^^ = , FuK = {1<^J®J + J(^l(^J + J<^J(^1)ijk^^^^Flmn , 

(3.27) 

which generalizes the = 4 S0(1, 2) xS0(6) xS0(2) invariant BPS equations (1331) . 

3.3.3 (iV+, iV ) = (3, 0) SO(l, 1) xSO(3) xSO(5) invariant BPS equations - quarternion 

The (A^+, iV-) = (3, 0) S0(1, 1) xS0(3) xS0(5) invariant BPS equations are, with Fti-F^i= 0, 

J^-^Fyj + iF^jKJp^ = , P = 1, 2, 3 , (3.28) 

where J\^J2^Jz are three distinct complex structures satisfying the quaternion relations, = J2 = 
Ji = J1J2J?, = -1 (13.101) . It is worth to note that the remaining relation of (13.271 ) F(3 q) = is fulfilled 
automatically for each complex structure. Eq. (l3.28l) generalizes the = 6 S0(1, 2) xS0(5) xS0(3) 
invariant BPS equations ( 13.81 ). 

3.3.4 N.) = (4, 0) SO(l, 1) xSO(4) xSO(4) invariant BPS equations 

The {N+,N^) = (4, 0) S0(1, 1) xS0(4) xS0(4) invariant BPS equations are, with Fti-F^i= 0, 

'FijKLFy^ + FijK + ^Fj^^^TjKLM + \Fj^'^^Tkilm + \Fk^^^Tijlm = , (3.29) 
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where Tukl is a SO(4)xSO(4) invariant self-dual four-form (13.121) . Eq. (|3.29l ) generalizes the iV = 8 
SO(l,2)xSO(4)xSO(4) invariant BPS equations ( 13.111 ). Some mass deformations of the above BPS 
equations are studied in Ref. [23]. 

3.3.5 (iV+, iV_) = (5, 0) SO(l, 1) xSO(5) xSO(3) invariant BPS equations 

The (iV+, iV-) = (5, 0) S0(1, 1) xS0(5) xS0(3) invariant BPS equations are, with Fti-F^i= 0, 

TijKLFy^ + FijK + lF^i^^^TjK]LM = , J^^Fyj + \FijkJ-^^ = , (3.30) 

where Tukl and J^-^ are given in (l3T4l ). Eq. (l330l) generalizes the iV = 10 S0(1, 2) xS0(3) xS0(5) 
invariant BPS equations (13.131 ). 

3.3.6 (iV+, iV_) = (6, 0) SO(l, 1) xSO(6) xSO(2) invariant BPS equations 

The (iV+, iV_) = (6, 0) S0(1, 1) xS0(6) xS0(2) invariant BPS equations are, Fti-F^j= 0, 

Tp"Fj,j + iF^KT/^ = 0, p = 1,2, 3, 4, 5, 6, (3.31) 

where six of two-forms Tp, p = 1,2, • • • ,6 are given in ( 13.161 ). Eq. (|3.31| ) generalizes the = 12 
SO(l,2)xSO(2)xSO(6) invariant BPS equations (13131) . 

3.3.7 (iV+, N^) = (7, 0) SO(l, 1) xSO(7) invariant BPS equations 

The (A^+, iV_) = (7, 0) S0(1, 1) xS0(7) invariant BPS equations are, with Fti-F^j= 0, 

Tjl-^Fyj + ^F^jKT/^ = 0, p = 1,2,3,4,5,6,7. (3.32) 
Here we have seven of two-forms, six given by (13.161 ) and last one by 

ir/^T/j = ^^3 + ^^^ (3.33) 

They form a fundamental representation of S0(7). 
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3.3.8 (iV+, iV ) = (1, 1) SO(l, 1) xSO(6) invariant BPS equations 

The (iV+, iV_) = (1, 1) S0(1, 1) xS0(6) invariant BPS equations are, with Fti = F^j = 0, best expressed 
in complex coordinates, 

Fab' = , Fy-a- le-a'^''Ff,,d = . (3.34) 

3.3.9 (iV+,iV_) = (2,2) SO(l,l)xSO(2)xSO(2)xSO(4) invariant BPS equations 

The (iV+, iV_) = (2, 2) S0(1, 1) xS0(2) xS0(2) xS0(4) invariant BPS equations are, with Fti = F^j = 
0, 

^3j[iJjK]L _ T'JKL^FyL + F^-^^ + iFl^iM-r-^^l^*' = , (3.35) 
where J^-^ is the complex structure of T^^.^r^^+r^e+r'^s j-ijkl self-dual S0(4) xS0(4) 

invariant four-form tensor of r^234 _^ ^5678 

3.3.10 (iV+,iV-) = (3,3) SO(l,l)xSO(3)xSO(3)xSO(2) invariant BPS equations 

We present the (iV+, iV_) = (3, 3) S0(1, 1) xS0(3) xS0(3) xS0(2) invariant BPS equations with a pair 
of quartemion structures, one from (I3l0l) and the other from pi^+r^^+r^^+r'^^ pi7_^p28_^p53_^p64^ 
ri8_^p72_^p54_^p36 ^jj^ Fu = F^i = they are 

J^^Fyj + ^F'jKJp^"" = 0, J^^Fyj-^F'jKJp^'' = 0, p = 1,2,3. (3.36) 



3.3.11 {N+,N^) = (4, 4) SO(l, 1) xSO(4) xSO(4) invariant BPS equations 

The {N+,N^) = (4,4) S0(1, 1) xS0(4) xS0(4) invariant BPS equations are, with Fu = F^/ = , in 
terms of the self-dual xSO(4)xSO(4) invariant four-form tensor, 

T^^^^FyL + = . (3.37) 

Especially among all the half BPS cases i.e. + = 8, only the case (A^+, N^) = (4, 4) leads to the 
nontrivial BPS equations. 
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4 Discussion 

In this paper we studied and identified a number of BPS equations for tlie multiple M2-brane theory pro- 
posed recently by Bagger and Lambert. We employed a method which had been successfully applied to 
several analogous problems. One first constructs the basic projection matrices for the supersymmetry pa- 
rameters, and then obtain the corresponding BPS equations. Our classifications are complete for S0(1, 2) 
as well as S0(2)^ invariant BPS equations, while may be not for S0(1, 1) invariant cases. 

The BPS equations with different types and numbers of preserved supersymmetries are derived in terms 
of the associated tensors which are invariant under the symmetry group of the relevant BPS equations. In 
particular we derived three types of half BPS equations, which we recall: 

• N=8 S0(1, 2) xSO(4)xSO(4) invariant BPS equations dMB 

F^i = 0, FjjK + iFj^'^TjKLM + ^Fj^'^Tkilm + ^Fk^^^Tulm = . (4.1) 

• N = 8 SO(2)xSO(2)xSO(6) invariant BPS equations (13:241 ) 

Fz^ = 0, F,p = 0, Fti - iFj^co = , Fjpg = 0, (4.2) 
where / = 1, 2, • • • , 8, p = 3, 4, 5, 6, 7, 8, and to, to are complex coordinates for S0(2) C S0(8). 

• (iV+, A^-) = (4,4) S0(1, l)xSO(4)xSO(4) invariant BPS equations (13371) 

Fti = F,j = 0, T^J^^FyL + F"^ = . (4.3) 

The BPS equations for different number of supersymmetries exhibit the division algebra structures: 
octonion, quarternion or complex. Let us take the Lorentz invariant type as examples. For the least su- 
persymmetric configurations preserving 1/8 supersymmetries, the relevant symmetry is S0(1, 2) xS0(7) 
and the BPS equations can be elegantly written in terms of the invariant four-form which has close relation 
to octonions. For 1/4-BPS equations the symmetry is S0(1, 2) xS0(6) xS0(2) and a complex structure 
appears. We next have 3/8 S0(1, 2) xS0(5) xS0(3) invariant BPS equations, which are naturally best ex- 
pressed in terms of quarternions or hyper-Kahler structure. In addition, for 1/2-BPS equations we have the 
SO (4) X SO (4) invariant self-dual four-form structure. We have also identified the exotic classes with more 
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than 1/2 supersymmetry. Apparently the governing symmetries include more than one hyper-Kahler struc- 
tures, but we have not been able to express the BPS equations in a succinct way. The true mathematical 
identity of such systems certainly deserves more careful study. 

The explicit solutions of the BPS equations will give the spectrum of supersymmetric solitons in 
Bagger-Lambert theory. It is natural to ask the A^-theory interpretation of such objects. The real scalar 
fields describe the locations of M2-branes in the transverse M*^. The spatial dependence of thus 
informs us on the shape of M2-branes, or how they are embedded in the transverse M®. Eq. (l3.17l) and the 
subsequent analysis clearly suggest that the M2-brane worldvolume should occupy holomorphic curves, 
which is natural for supersymmetry. Likewise, time-dependence of the scalar field obviously implies that 
there is momentum along the particular direction. The three-algebra terms F[jk describe the truly A4- 
theoretic phenomena: polarization of multiple M2-branes into M5-branes. Generically the BPS equations 
are given as various combinations of such basic building blocks, and more detailed descriptions with ex- 
plicit solutions will be reported in a separate publication. 
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A Gamma matrices and octonions 



The eleven-dimensional 32x32 gamma matrices T , M = fi, I, fi = t, x,y, I = 1, 2, ■ • • , 8 in the Bagger- 
Lambert theory naturally decompose into two parts: S0(1, 2) the M2-brane worldvolume and S0(8) the 
transverse space, 

r* = e®7(9), r^' = c7i ® 7(9) , ry = a30j^g), r^ = i0y, /=i,2,---,8. 

(A.l) 

Here 7^'s are the 16x16 gamma matrices in the eight-dimensional Euclidean space and 7(9) = 7i2. .8- 
Clearly the S0(1, 2) projection constraint (12.41 ) coincides with that of S0(8), 

r*"^ = l®7(9)- (A.2) 

This is consistent with the fact that the product of all the eleven-dimensional gamma matrices leads to the 
identity r*^2^^23 -8 ^ ^ 

Now we recall the seven quantities £i, i = 1,2,3 ■ ■ ■ ,7 (I2.13I ). In the above choice of gamma matrices 
we have 

£, = l^Ei, V = l®P, (A.3) 

where as in ( I2.13I ) 

El = 78127-P 1 E2 = 78163-P 1 -E's = 78246-P i -£'4 = 78347-P j 

(A.4) 

^5 = 78567^ , = 78253-P , -^7 = 78154-P , P = \{l + 7(9)) . 

The subscript spatial indices of the gamma matrices are organized such that the three indices after the 
common 8 are identical to those of the totally anti-symmetric octonionic structure constants (I2.14I ). It 
is straightforward to see that Ei forms a representation of the "square" of the octonions on the eight- 
dimensional chiral space, 

EiEj = 5ijP + c.2fc Ek, Ei = ei®ei. (A.5) 

Since they commute each other, they form a maximal set of the mutually commuting traceless symmetric 
and real matrices of the definite chirahty 7(9)-Ei = E^. In fact, one can construct a S0(8) symmetric 
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and real gamma matrix representation which makes all Ei's be simultaneously diagonal, utihzing the 
octonionic structure constants: 

PI 



j , Pi{PjY + Pj{plY = '^^IJ > 7(9) = 712345678 = ( J .J ) 



Here pj, I = 1,2, •••,8 are 8x8 real matrices given b'''^' 



C,; 



Pi = -{Pif 



, i = l,2,-..,7. 



P8 = 1 



(A.6) 



(A.7) 







and Cj is a 7x7 real matrix whose j, k component is nothing but the octonionic structure constant Cijk 
(I2.14I ). while is a seven-dimensional unit vector of which the jth component is defined to be 6--^ . 

In the above choice of Majorana gamma matrix representation, all the Ei's and P are diagonal, 

(+1, +1,-1,-1,-1,-1,+!, +1,0, 0,0, 0,0, 0,0,0) 

(+1,-1, +1,-1,-1, +1,-1, +1,0, 0,0, 0,0, 0,0,0) 

-1, +1,-1, +1,-1, +1,-1, +1,0, 0,0, 0,0, 0,0,0) 

-1,-1,+1,+1,-1,-1,+1, +1,0, 0,0, 0,0, 0,0,0) 

-1,-1,-1,-1,+1,+1,+1, +1,0, 0,0, 0,0, 0,0,0) 

-1,+1, +1,-1, +1,-1,-1, +1,0, 0,0, 0,0, 0,0,0) 

(+1,-1,-1,+1, +1,-1,-1, +1,0, 0,0, 0,0, 0,0,0) 

P = diag(+l, +1, +1, +1, +1, +1, +1, +1, 0, 0, 0, 0, 0, 0, 0, 0) , 
and the S0(8) triality among 8v, 8+, 8_ is apparent as the Sy generators decompose into the 8+ and 8_ 



El 


= dia 


E2 


= dia 


E3 


= dia 


Ea 


= dia 


E5 


= dia 


Eq 


= dia 


Ej 


= dia 



(A.8) 



generators. 



liJ 





T . 



PuPj] 



(A.9) 



''in particular, Pi, 1 <i< 7 correspond to the Majorana garnrna rnatrices in Euclidean seven dirnensions pi/Oj+pj/Oi — —25ij. 
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With the identity eg = 1, the octonion algebra now spells completely: 



e/ej = {pi)jKeK 



I,J,K=l,2,---,8 



(A. 10) 



Finally let us consider a self-dual four-form and contract it with the S0(8) gamma matrices Y^^^^, 
such as T/{P in ( |2.10b . Clearly utilizing the SO (8) triality, one can diagonalize T^V to express it as a 
linear combination of fj's. This shows that the canonical form of a self-dual four-form in eight dimensions 
indeed takes the form (12.121) : namely the non- vanishing independent components are only those seven 
which are contracted to fj's. 

B SO (2) invariant projection matrix 

Here we derive the most general form of the 32 x 32 projection matrices Q. which are invariant under the 
Cartan subalgebra SO(2)^ofSO(10), satisfying in addition to the conditions (12.81 ). 



[^^^^l] = o, [ri2^!^] = o, [r34,j7] = o, [r56,j7] = o, [^7^^l] = o. (b.i) 



where c, ai , • • • , 63 are eight a priori unknown real constants which must be determined by requiring the 
remaining condition 0^ = O. In particular the number of the preserved supersymmetries is related to the 
constant c by 



It is convenient to reparameterize the four constants oi , 02 , as , 04 by four other constants ei , 62 , 63 , 64 



As (12.171 ). they assume the general form: 



AT = Trl7 = 16c . 



(B.3) 



ei = 2(ai + 02 + 03 + 04) 



62 = 2(ai + a2 — 03 — 04) , 



(B.4) 



63 = 2(ai - 02 + 03 - 04) 



64 = 2(— ai + a2 + 03 — 04) 



and the other four constants c, 61 , &2 , ^3 by another set of four constants fi, f2, fs, fi 



/i = 2c - 1 - 26i - 262 - 263 



/2 = 2c - 1 - 26i + 262 + 263 



(B.5) 



/3 = 2c - 1 + 26i - 262 + 263 



/4 = 2c - 1 + 26i + 262 - 263 . 
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It follows that 



ai = 


|(ei + 62 + 63 - 64) , 


02 


= |(6l + 62 - 63 + 64) , 


a-i = 


|(ei - 62 + 63 + 64) , 


O4 


= |(6l - 62 - 63 - 64) , 


bi = 


|(-/l-/2 + /3 + /4), 


b2 


= |(-/l + /2-/3 + /4), 


b3 = 


|(-/l + /2 + /3-/4), 


c = 


4(/l + /2 + /3 + /4 + 4) 



(B.6) 



Straightforward calculation shows that Jl^ = O is equivalent for each a = 1, 2, 3, 4 to 

faea = , el = {l + fa){l- fa) not a sum . (B.7) 

Hence for each a we have four possible solutions: 

6a = 0, /a = +l; 6a = 0, /a = -l; 6^ = +1 , = ; Ca = -I , fa = ■ 

(B.8) 

Consequently from (IB.3I ) and (IB.6I ). the possible values of c are 0, |, |, |, |, |, |, |, 1, so that the number 
of the preserved supersymmetries N is an even number between zero and sixteen. The basic building 
blocks of all the possible projection matrices are those of = 2 given by 

n =l[i + T'=y (/?iri2 + p^r^^ + /jgr^e + /?i/32/33r^8) - /3i/32r^234 _ ^g/j^r^^se _ p^p3T^^78^ v 
= 1(1 + PiT''y^^){i + ^2r^^^^)(i + /?3r^^^^)p , 

(B.9) 

where Pi, P2, P3 are three independent signs, 

f3l = Pi = f3l = l. (B.IO) 

There are eight possible N = 2 projection matrices which are orthogonal to each other. By summing k of 
them, all the other generic projection matrices preserving N = 2k supersymmetries can be obtained. 
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